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1 Multiple-Value Logic

First of all, when investigating the algebraic structures as interesting
as MV-algebras, which stand for a concept of multiple-valued alge-
bras, we have to get the most possible familiar with a very possibility
of multiple-valued logic.

The basal difference between classical logic and multiple-valued
logic, which is regarded as non-classical, is the fact that multiple-valued
logic do not restrict the number of truth values to only two, but they al-
low a larger set of 𝑊 truth degrees [1]. An example of such logic is
Łukasiewicz logic. Łukasiewicz logic contains systems 𝐿𝑚 and 𝐿∞,
defined in such a way that the truth degree set is either a set 𝑊𝑚 =
{ 𝑘
𝑚−1

| 0 ≤ 𝑘 ≤ 𝑚 − 1
}

of rational numbers less or equal to 1, respec-
tively the whole unit interval 𝑊∞ =

{

𝑥 ∈ ℝ | 0 ≤ 𝑥 ≤ 1
}

= [0, 1],
such that the value 1 is the only designated truth degree. The main
connectives of systems 𝐿𝑚 and 𝐿∞ are a strong and weak conjunction
respectively, & and ∧, defined as

𝑢 & 𝑣 = 𝑚𝑎𝑥 {0, 𝑢 + 𝑣 − 1},
𝑢 ∧ 𝑣 = 𝑚𝑖𝑛 {𝑢, 𝑣},

a negation connective defined by
¬𝑢 = 1 − 𝑢,

and implication defined by
𝑢 ⇒ 𝑣 = 𝑚𝑖𝑛 {1, 1 − 𝑢 + 𝑣}.

Motivated with such concept, we can move to introduce a structure
called multi-valued algebra.
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2 MV-algebras

Definition 2.1. An MV-algebra [2] is an algebra ⟨𝐴,⊕,¬, 0⟩ with a
binary operation ⊕, a unary operation ¬ and a constant 0 satisfying
the following equations:

MV1) 𝑥 ⊕ (𝑦 ⊕ 𝑧) = (𝑥 ⊕ 𝑦)⊕ 𝑧
MV2) 𝑥 ⊕ 𝑦 = 𝑦 ⊕ 𝑥
MV3) 𝑥 ⊕ 0 = 𝑥
MV4) ¬¬𝑥 = 𝑥
MV5) 𝑥 ⊕ ¬0 = ¬0
MV6) ¬(¬𝑥 ⊕ 𝑦)⊕ 𝑦 = ¬(¬𝑦 ⊕ 𝑥)⊕ 𝑥.

Example of a non-trivial MV-algebra is interval [0, 1] = {𝑥 ∈
ℝ|0 ≤ 𝑥 ≤ 1} equipped with truncated addition 𝑥⊕𝑦

def
= 𝑚𝑖𝑛{1, 𝑥+𝑦},

and negation ¬𝑥
def
= 1 − 𝑥.

More so, on each MV-algebra 𝐴, traditionally denoted by its uni-
verse𝐴,we define the constant 1 and the operations⊙ and⊖ as follows:

1
def
= ¬0,

𝑥 ⊙ 𝑦
def
= ¬(¬𝑥 ⊕ ¬𝑦),

𝑥⊖𝑦
def
= 𝑥⊙¬𝑦. Then, in the algebra [0,1] hold 𝑥⊙𝑦 = 𝑚𝑎𝑥{0, 𝑥+

𝑦−1} (which is a definition of strong conjunction 𝑢 & 𝑣 in Łukasiewicz
logic) and 𝑥 ⊖ 𝑦 = 𝑚𝑎𝑥{0, 𝑥 − 𝑦}.

An interesting extension of the [0,1] algebra can be an interval [0,c]
containing all of the possible values of velocity (we will further get
straight what could be meant by a value of velocity). As numerically
defined, no inherence can be in motion with a negative velocity (con-
ceptually, the least velocity is obtained in the calm state), which might
feel quite intuitive, but what is far more absorbing, no inherence can be
in motion any greater than the speed of light 𝑐.
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Set an algebra ⟨[0, 𝑐], ⊕,¬, 0⟩ with truncated addition ⊕ and nega-
tion ¬𝑥 = 1 − 𝑥. We will show that for such algebra hold axioms of
MV-algebra.

MV1) (𝑥 ⊕ 𝑦)⊕ 𝑧 = 𝑚𝑖𝑛{𝑥 + 𝑦, 𝑐}⊕ 𝑧 = 𝑚𝑖𝑛{𝑚𝑖𝑛{𝑥 + 𝑦, 𝑐} + 𝑧, 𝑐}.
On the other hand, 𝑥⊕ (𝑦 ⊕ 𝑧) = 𝑥⊕𝑚𝑖𝑛{𝑦+ 𝑧, 𝑐} = 𝑚𝑖𝑛{𝑥+
𝑚𝑖𝑛{𝑦 + 𝑧}, 𝑐}.

Now might hold two cases. First, 𝑥+𝑦+𝑧 < 𝑐. If that holds, also
𝑥+𝑦 < 𝑐 and 𝑦+𝑧 < 𝑐. Then, 𝑚𝑖𝑛{𝑥+𝑦, 𝑐}⊕𝑧 = (𝑥+𝑦)⊕𝑧 =
𝑚𝑖𝑛{𝑥+ 𝑦+ 𝑧, 𝑐} = 𝑥+ 𝑦+ 𝑧 = 𝑥⊕ (𝑦+ 𝑧) = 𝑥⊕𝑚𝑖𝑛{𝑦+ 𝑧, 𝑐}
and (𝑥 ⊕ 𝑦)⊕ 𝑧 = 𝑥 ⊕ (𝑦 ⊕ 𝑧).

If 𝑥 + 𝑦 + 𝑧 > 𝑐, then aside from relations of (𝑥 + 𝑦), (𝑦 + 𝑧)
respectively, to 𝑐, hold, without loss of generality, (𝑥⊕𝑦)⊕𝑧 =
𝑚𝑖𝑛{𝑥 + 𝑦, 𝑐} ⊕ 𝑧 = (𝑥 + 𝑦 ∨ 𝑐) ⊕ 𝑧 = 𝑚𝑖𝑛{𝑥 + 𝑦 + 𝑧, 𝑐} ∨
𝑚𝑖𝑛{𝑐 + 𝑧, 𝑐} = 𝑐, and 𝑥 ⊕ (𝑦 ⊕ 𝑧) = 𝑥 ⊕ 𝑚𝑖𝑛{𝑦 + 𝑧, 𝑐} =
𝑥 ⊕ (𝑦 + 𝑧 ∨ 𝑐) = 𝑚𝑖𝑛{𝑥 + 𝑦 + 𝑧, 𝑐} ∨ 𝑚𝑖𝑛{𝑥 + 𝑐, 𝑐} = 𝑐, so
expressly (𝑥 ⊕ 𝑦)⊕ 𝑧 = 𝑥 ⊕ (𝑦 ⊕ 𝑧).

Consecuting verification of MV2) - MV5) is trivial.

MV2) As hold 𝑥 + 𝑦 = 𝑦 + 𝑥, also 𝑥 ⊕ 𝑦 = 𝑦 ⊕ 𝑥.

MV3) 𝑥 ⊕ 0 = 𝑚𝑖𝑛{𝑥, 𝑐} = 𝑥, as 𝑥 ≤ 𝑐.

MV4) ¬¬𝑥 = ¬(𝑐 − 𝑥) = 𝑐 − (𝑐 − 𝑥) = 𝑥.

MV5) 𝑥⊕¬0 = 𝑚𝑖𝑛{𝑥+¬0, 𝑐} = 𝑚𝑖𝑛{𝑥+(𝑐−0), 𝑐} = 𝑐 = 𝑐−0 = ¬0.

MV6) ¬(¬𝑥⊕𝑦)⊕𝑦 = ¬((𝑐−𝑥)⊕𝑦)⊕𝑦 = ¬(min{𝑐, 𝑐−𝑥+𝑦})⊕𝑦 =
(𝑐 −min{𝑐, 𝑐 −𝑥+ 𝑦})⊕𝑦 = min{𝑐, 𝑐 −min{𝑐, 𝑐 −𝑥+ 𝑦}+ 𝑦}.
The other way round, ¬(¬𝑦 ⊕ 𝑥) ⊕ 𝑥 = ¬((𝑐 − 𝑦) ⊕ 𝑥) ⊕ 𝑥 =
¬(min{𝑐, 𝑐 − 𝑦 + 𝑥}) ⊕ 𝑥 = (𝑐 − 𝑚𝑖𝑛{𝑐, 𝑐 − 𝑦 + 𝑥}) ⊕ 𝑥 =
min{𝑐, 𝑐 − min{𝑐, 𝑐 − 𝑦 + 𝑥} + 𝑥}.
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Now, without loss of generality, assume that 𝑥 > 𝑦.Holdmin{𝑐, 𝑐−
𝑥+𝑦} = 𝑐−𝑥+𝑦, so ¬(¬𝑥⊕𝑦)⊕𝑦 = min{𝑐, 𝑐−(𝑐−𝑥+𝑦)+𝑦} =
min{𝑐, 𝑥} = 𝑥. Similarly, ¬(¬𝑦⊕𝑥)⊕𝑥 = min{𝑐, 𝑐−𝑐+𝑥} = 𝑥,
and ¬(¬𝑦⊕𝑥)⊕𝑥 = ¬(¬𝑥⊕𝑦)⊕𝑦. For 𝑦 > 𝑥, comparison will
behave the same way.
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3 Vectors

Showed that [0, 𝑐] is an MV-algebra, we can move toward executing
expressly what such MV-algebra might result in under particular inter-
pretations.

First, we see that if ⟨[0, 1], ⊕,¬, 0⟩ is an MV-algebra, then ⟨[0,],
⊕,¬, 0⟩ will be an MV-algebra for any  ∈ ℝ+

0 . Of such side, we are
having a play with an utterly abstract structure, that is possessing a po-
tential of being found someplace in nature as a symmetry, which is, in
the means of synchronicity, perfectly functional. In the subjective inter-
pretation of an observer of such structure, an artist would indomitably
stand for the most candid apprehension of a term; beautiful....

Second, a little less abstractly, we might consider values of veloc-
ity of the interval [0, 𝑐], as has been mentioned beforehand. We know
that velocity at time 𝑡0 is a limit lim𝑡→𝑡0

𝑠(𝑡)−𝑠(𝑡0)
𝑡−𝑡0

with time-dependent
distance 𝑠(𝑡), so for particular considerations of values of velocity, we
need some inherent point to be in motion under certain circumstances.
What is to stun the intuition, we can do this also the other way round.
We arbitrarily take values of the interval [0, 𝑐] and name them values of
velocity, with a maximum just abstracted to some constant , knowing
that it is exactly 𝑐 = 299, 792, 458 𝑚.𝑠−1, but there is still an option of
scaling the interval. What should be mentioned, operations of ⊕ and
¬ remain unchanged; [0,] is an MV-algebra. The amazing thing now
is, velocities are not numbers, but as we perform operations specific for
MV-algebras in general on elements of algebra [0,], it will hold for
velocities corresponding to these elements.

Finally, we might arrive on something intuitively resembling to a
threshold of abstraction and specificity and have a look at the mathe-
matical model of the behaviour of velocity in physical world. We know
that inherent points in motion do move in a specific direction, with a
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measured value of velocity given by the mentioned limit. Therefore, we
might understand the velocity development over time as a continuous
set of vectors v(t), specified below.

Theorem 3.1. In angular coordinates, vector v(t) might be defined as
a collection of its size 𝑠 and angles 𝜃1, 𝜃2,… , 𝜃𝑛 corresponding to re-
spective coordinates, such that 0 ≤ 𝑠 ≤ 𝑐.

Proof. Taken in ℝ𝑛, a vector v(t) can be written as a set of coordi-
nates (𝑣1(𝑡), 𝑣2(𝑡),… , 𝑣𝑛(𝑡)). Moving to angular coordinates, we know
v(t) is specific for its measure and direction. Therefore, we can snatch
onto 𝑠 = 𝑘

√

∑𝑛
𝑖=1 𝑣

𝑘
𝑖 (𝑡) and realise that 𝑣𝑖 = 𝑓𝑖(𝑠, 𝜃1, 𝜃2,… , 𝜃𝑛) for

all 𝑖 = 1,… , 𝑛, holding that 𝜃𝑖 is an angle determining position of
v(t) in respect to the 𝑖-th coordinate. Then, we can imply that state-
ments (𝑣1(𝑡), 𝑣2(𝑡),… , 𝑣𝑛(𝑡)) and (𝑠, 𝜃1, 𝜃2,… , 𝜃𝑛) are possessing same
amount of information about v(t), and we will further confuse notations
of v(t)=(𝑣1(𝑡), 𝑣2(𝑡),… , 𝑣𝑛(𝑡)) and v(t)=(𝑠, 𝜃1, 𝜃2,… , 𝜃𝑛).

Theorem 3.2. For 𝜃1 = 𝜃2 = ⋯ = 𝜃𝑛, the algebra ⟨{v(t); 0 ≤ 𝑠 ≤
𝑐}, ⊕,¬, 0⟩ with ⊕ defined as

v𝑖(𝑡)⊕ v𝑗(𝑡) = (𝑠𝑖, 𝜃1𝑖 , 𝜃
2
𝑖 ,… , 𝜃𝑛𝑖 )⊕ (𝑠𝑗 , 𝜃1𝑗 , 𝜃

2
𝑗 ,… , 𝜃𝑛𝑗 ) = (𝑚𝑖𝑛{𝑠𝑖 +

𝑠𝑗 , 𝑐}, 𝜃1𝑖 , 𝜃
2
𝑖 ,… , 𝜃𝑛𝑖 ) = (min{𝑠𝑖 + 𝑠𝑗 , 𝑐}, 𝜃1𝑗 , 𝜃

2
𝑗 ,… , 𝜃𝑛𝑗 ) = (𝑚𝑖𝑛{𝑠𝑖 +

𝑠𝑗 , 𝑐}, 𝜃1, 𝜃2,… , 𝜃𝑛),

and

¬v𝑖(𝑡) = ¬(𝑠𝑖, 𝜃1𝑖 , 𝜃
2
𝑖 ,… , 𝜃𝑛𝑖 ) = (𝑐 − 𝑠𝑖, 𝜃1𝑖 , 𝜃

2
𝑖 ,… , 𝜃𝑛𝑖 )

is an MV-algebra.
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Proof. Considering the coordinate angles 𝜃1, 𝜃2,… , 𝜃𝑛 remain un-
changed in both the binary operation ⊕ and unitary operation ¬, and
operation impact on the first coordinate is identical with operations on
MV-algebra [0, 𝑐], proving that ⟨[0, 𝑐], ⊕,¬, 0⟩ is an MV-algebra im-
plies that such defined ⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐}, ⊕,¬, 0⟩ is an MV-algebra.

Corollary 3.2.1. Likewise directed velocity vectors (with correspond-
ing binary and unitary operations defined) do behave like𝑀𝑉 -algebra.
Therefore, as inquiring after properties of a general 𝑀𝑉 -algebra, we
receive an information about velocities transformed into vectors, that
can potentially lead to interesting statements about velocity as such.

Now consider two vectors differing in exactly one pair of angle co-
ordinates, with all of the other angle coordinates equal to zero, that is
represented by such assumption:

Consider two vectors v𝑘(t) and v𝓁(t) such that there is exactly one
coordinate index 𝐼 such that

(𝜃𝑚𝑘 , 𝜃
𝑚
𝓁 ) =

⎧

⎪

⎨

⎪

⎩

0, if 𝑚 ≠ 𝐼,

(𝜃𝐼𝑘 , 𝜃
𝐼
𝓁), if 𝑚 = 𝐼,

satisfying 𝜃𝐼𝑘 ≠ 𝜃𝐼𝓁 > 0.
For example, if 𝐼 ≡ 1, hold

v𝑘(t) = (𝑠𝑘, 𝜃1𝑘, 0, 0,… , 0), v𝓁(t) = (𝑠𝓁, 𝜃1𝓁, 0, 0,… , 0),

satisfying 𝜃1𝑘 ≠ 𝜃𝓁1 > 0.

Now we can investigate character of addition of such velocities,
represented by velocity angles.
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Theorem 3.3. Let v𝑘(t) and v𝓁(t) be a pair of vectors satisfying above
assumption. Then, the vector addition, denote ⧾, will behave in a fol-
lowing way:

v𝑘(t) ⧾ v𝓁(t) ≝ v𝑘𝓁(t),

and
𝑠𝑘𝓁 =

(

𝑠2𝑘 + 𝑠2𝓁 + 2𝑠𝑘𝑠𝓁(cos (𝜃𝐼𝑘 ) cos (𝜃
𝐼
𝓁) + sin (𝜃𝐼𝑘 ) sin (𝜃

𝐼
𝓁))

)
1
2 ,

𝜃𝐼𝑘𝓁 = arctan
( 𝑠𝑘 sin 𝜃𝐼𝑘+𝑠𝓁 sin 𝜃

𝐼
𝓁

𝑠𝑘 cos 𝜃𝐼𝑘+𝑠𝓁 cos 𝜃
𝐼
𝓁

)

,

𝜃𝑖𝑘𝓁 = 0 ∀𝑖 ≠ 𝐼.

s si  ( k
I

s

 

s c s ( k
I

si ( l
I

s  
c s ( l

I

Figure 1: Polar coordinates of vector addition (𝑠𝑘𝓁 ∶= 𝑠, 𝜃𝐼𝑘𝓁 ∶= 𝜃)

Proof. Issuing from Theorem 2.1, vector v𝑘𝓁(t) will be as represented
by a size 𝑠𝑘𝓁 and corresponding angles in such a notation

v𝑘𝓁(t) = (𝑠𝑘𝓁, 𝜃1𝑘𝓁, 𝜃
2
𝑘𝓁,… , 𝜃𝐼−1𝑘𝓁 , 𝜃𝐼𝑘𝓁, 𝜃

𝐼+1
𝑘𝓁 ,… , 𝜃𝑛−1𝑘𝓁 , 𝜃𝑛𝑘𝓁),
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holding

(𝑠𝑘𝓁, 0, 0,… , 0, 𝜃𝐼𝑘𝓁, 0,… , 0, 0).

Coordinates 𝜃1𝑘,𝓁,𝑘𝓁, 𝜃
2
𝑘,𝓁,𝑘𝓁,… , 𝜃𝐼−1𝑘,𝓁,𝑘𝓁, 𝜃

𝐼+1
𝑘,𝓁,𝑘𝓁, 𝜃

𝑛−1
𝑘,𝓁,𝑘𝓁, 𝜃

𝑛
𝑘,𝓁,𝑘𝓁 equal to

zero imply that either the input vectors v𝑘(t), v𝓁(t) and the product
vector of ⧾, v𝑘𝓁(t), lie in ℝ2 determined by 𝐼-th angular coordinate.
Therefore, we can reduce ourselves to the general model of vector ad-
dition in ℝ2. According to the Pythagorean Theorem, 𝑠𝑘𝓁 =

√

𝑥20 + 𝑦20
(see Fig.1). Knowing 𝑠𝑘, 𝑠𝓁, 𝜃𝐼𝑘 and 𝜃𝐼𝓁 , we pick up on symmetries of
the geometrical model of vector addition and write 𝑥0 = 𝑠𝑘 sin (𝜃𝐼𝑘 ) +
𝑠𝓁 sin (𝜃𝐼𝓁). Analogously, 𝑦0 = 𝑠𝑘 cos (𝜃𝐼𝑘 )+ 𝑠𝓁 cos (𝜃𝐼𝓁). Now we calcu-
late:

s𝑘𝓁 =
√

𝑥20 + 𝑦20 =

=
√

(𝑠𝑘 sin (𝜃𝐼𝑘 ) + 𝑠𝓁 sin (𝜃𝐼𝓁))
2 + (𝑠𝑘 cos (𝜃𝐼𝑘 ) + 𝑠𝓁 cos (𝜃𝐼𝓁))

2 =

=
√

𝑠2𝑘 + 𝑠2𝓁 + 2𝑠𝑘𝑠𝓁(sin (𝜃𝐼𝑘 ) sin (𝜃
𝐼
𝓁) + cos (𝜃𝐼𝑘 ) cos

(

𝜃𝐼𝓁
)

,

as sin (𝜃𝐼𝑘 )
2 + cos (𝜃𝐼𝑘 )

2 = 1 = sin (𝜃𝐼𝓁)
2 + cos (𝜃𝐼𝓁)

2.
Furthermore, tan (𝜃𝐼𝑘𝓁) =

𝑦0
𝑥0

and 𝜃𝐼𝑘𝓁 ∈ [𝑜, 𝜋], so

𝜃𝐼𝑘𝓁 = arctan
( 𝑠𝑘 sin 𝜃𝐼𝑘+𝑠𝓁 sin 𝜃

𝐼
𝓁

𝑠𝑘 cos 𝜃𝐼𝑘+𝑠𝓁 cos 𝜃
𝐼
𝓁

)

.
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4 Conclusion

Forth, it would be wantable to determine whether there is a differ-
ence between multiple-value properties of the structure of likewise ori-
ented vectors (see Theorem 2.2) and the structure of vectors differ-
ing in exactly one pair of angle coordinates, with all of the other an-
gle coordinates equal to zero (informally, differently oriented vectors).
We can see that if we define the zero vector 0

def
= (0, 0, 0,… , 0, 𝜃𝐼0 ≡

0, 0,… , 0, 0) and a negation ¬v𝑘(t)
def
= (−𝑠𝑘, 0, 0,… , 0, 𝜃𝐼𝑘 , 0,… , 0, 0),

a structure ⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐},⧾,¬, 0⟩ is not an MV-algebra, as there
won’t hold MV3) v𝑘(t)⧾0 = v𝑘(t) and MV5) v𝑘(t)⧾¬0 = ¬0. Such
an observation is opening questions for us: is it possible to define ¬∗

and 0∗ in such a way that ⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐},⧾,¬∗, 0∗⟩ would be
an MV-algebra? If so, would this new structure still be modelling
physical reality? Furthermore, how is this to be interpreted. If both
the structure of likewise directed vectors ⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐}, ⊕,¬, 0⟩
(see Theorem 2.2) and the structure of vectors differing in exactly one
pair of angle coordinates, with all of the other angle coordinates equal
to zero ⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐},⧾,¬, 0⟩ are MV-algebras, does this say
something about vectors, and particularly, about the speed of light, as
this is what motivated us to connect multiple-value logic with vec-
tors (truncated addition)? Same question remains open for the case
⟨{v(t); 0 ≤ 𝑠 ≤ 𝑐},⧾,¬, 0⟩ wouldn’t be an MV-algebra. What is in the
nature necessitating a difference between likewise oriented vectors and
vectors in general?
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